Rudolf Freund, Markus Holzer, and José M. Sempere

Eleventh Workshop on
Non-Classical Models of
Automata and Applications
(NCMA 2019)

© Authors
Druck: Druckerei Riegelnik
1080 Wien, Piaristengasse 19

Preface

This volume contains the three short contributions of the Eleventh Workshop on Non-Classical
Models of Automata and Applications (NCMA 2019) held in Valencia, Spain, on July 2nd and
3rd , 2019.
The NCMA workshop series was established in 2009 as an annual forum for researchers working on diﬀerent aspects of non-classical and classical models of automata and grammars. The
purpose of the NCMA workshop series is to provide an opportunity to exchange and develop
novel ideas, and to stimulate research on non-classical and classical models of automata and
grammar-like structures. Many models of automata and grammars are studied from diﬀerent
points of view in various areas, both as theoretical concepts and as formal models for applications. The goal of the NCMA workshop series is to motivate a deeper coverage of this particular
area and in this way to foster new insights and substantial progress in computer science as a
whole.
The previous workshops took place in the following places:
2009
2010
2011
2012
2013
2014
2015
2016
2017
2018

Wroc"law, Poland,
Jena, Germany,
Milano, Italy,
Fribourg, Switzerland,
Umeå, Sweden,
Kassel, Germany,
Porto, Portugal,
Debrecen, Hungary,
Praha, Czech Republic, and
Košice, Slovakia.

The Eleventh Workshop on Non-Classical Models of Automata and Applications (NCMA 2019)
was organized at the Universitat Politècnica de València. Its scientific program consisted of
two invited lectures, eleven regular contributions, and three short presentations.
In addition to the two invited talks and the 11 regular contributions, NCMA 2019 also features
three short presentations to emphasize its workshop character, each of them also having been
evaluated by at least two members of the program committee. The extended abstracts of these
short presentations are contained in this volume.
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The local organizing committee is grateful to the Universitat Politècnica de València as well as
to the Escuela Técnica Superior de Ingenierı́a Informática (ETSINF) and the Departamento
de Sistemas Informáticos y Computación (DSIC) for the financial support of NCMA 2019.
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MEMBRANE SYSTEMS AND MULTISET
APPROXIMATION
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Kassai út 26, 4028 Debrecen, Hungary
{battyanyi.peter,vaszil.gyorgy}@inf.unideb.hu

Abstract
We consider membrane systems where the applicability of the multiset transformation rules is
determined by the approximating multisets of the membrane regions. We consider two cases:
First, we study systems with inner rules where we allow only rule applications such that the
multisets involved in the rules are part of the lower approximation of the respective regions, then
we consider systems with boundary rules where rule application is defined on the boundaries,
that is, rules can only manipulate the elements outside of the lower approximation. We show
that the second variant benefits from the underlying approximation framework by demonstrating
an increase in its computational strength. On the other hand, the computational power of
systems with inner rule application remains weaker than that of Turing machines (as long as
the unsynchronized version is considered).

1.

Introduction

Membrane systems, introduced in [15], are biologically inspired models of computation: their
operation imitates in a sense the functioning of living cells. The computation proceeds in distinct regions, called membranes or compartments. The compartments allow computation with
multisets: they accomplish transformations of their contained multisets by various evolution
(multiset rewriting) rules. Several variants of P systems have been introduced and studied, see
the monograph [16] for a thorough introduction, or the handbook [17] for a summary of notions
and results of the area.
The structure of a membrane system can be represented in various ways, cell-like membrane
systems have a membrane structure which can be described by a tree. Systems with graph-like
membrane structures called tissue-like P systems were also considered, where the connection
between the membranes are established by edges forming the communication routes. Here we
study variants of tissue-like systems called generalized P systems (see [3]).
An extended version of this paper was presented at the International Joint Conference on Rough Sets
(IJCRS 2019), Debrecen, Hungary, June 17-21, 2019.
Gy. Vaszil was supported by grant K 120558 of the National Research, Development and Innovation Oﬃce
of Hungary (NKFIH), financed under the K 16 funding scheme.
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The question of how to define dynamically changing membrane structures using topological
spaces, and how the underlying topologies influence the behaviour of P systems was already
examined in [5, 6]. Multiset approximation spaces were defined in [8, 9], which made it possible
to talk about lower and upper approximations of the contents of membranes of a P system.
This led to various notions of membrane borders, and notions of closeness of membranes.
Restricting the interaction to membranes that are close to each other, or permitting only
rules that manipulate multisets which are on the boundaries of the membranes can aﬀect the
computational strength of the membrane system. The study of this area was initiated in [10],
where also an intention to model chemical stability played an important role. The results
in [10] were formulated for the so-called symport/antiport P systems, but the investigations
were also continued for so called generalized P systems in [2]. In the present paper we also
study generalized P systems, but we do not rely on any notion of closeness of membranes.
Instead, we focus on the notion of clear observability. We consider lower approximations and
boundaries of compartments, and restrict the applicability of the rules accordingly. It will
turn out that the use of boundary rules, that is, rules which can only manipulate objects on
the boundaries of compartments, results in an increase of the computational power of certain
variants of generalized P systems to the level of the power of Turing machines. On the other
hand, if we restrict rule applications only to rules that manipulate multisets which lie in the
inner approximations of the membranes (inner rules), this restriction is not enough to provide
Turing completeness.
In the following, we first recall the necessary definitions, then take up the examination of the two
variants of generalized P systems with dynamically changing communication structure based on
multiset approximation spaces. As maximal parallel rule application makes already the basic
model of generalized P systems computationally complete, we study the weaker, unsynchronized
variants. We first show that generalized P systems with inner rules can be simulated by simple
place-transition Petri nets, thus, their computational power is less than that of Turing machines.
Then we consider systems with boundary rules and show that they are able to simulate so called
register machines, which demonstrates that their computational power is the same as the power
of Turing machines. Finally, the paper ends with a few concluding remarks.

2.

Preliminaries

Let N and N>0 be the set of non-negative integers and the set of positive integers, respectively,
and let O be a finite nonempty set (the set of object). A multiset M over O is a pair M = (O, f ),
where f : O ! N is a mapping which gives the multiplicity of each object a 2 O. The set
supp(M ) = {a 2 O | f (a) > 0} is called the support of M . If supp(M ) = ;, then M is the
empty multiset. If a 2 supp(M ), then a 2 M , and a 2n M if f (a) = n.
Let M1 = (O, f1 ), M2 = (O, f2 ). Then (M1 u M2 ) = (O, f ) where f (a) = min{f1 (a), f2 (a)};
(M1 t M2 ) = (O, f 0 ), where f 0 (a) = max{f1 (a), f2 (a)}; (M1 M2 ) = (O, f 00 ), where f 00 (a) =
f1 (a) + f2 (a); (M1 M2 ) = (O, f 000 ) where f 000 (a) = max{f1 (a) f2 (a), 0}; and M1 v M2 , if
f1 (a)  f2 (a) for all a 2 O.
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For any n 2 N, n-times addition of M , denoted by
definition:
•
•
•

= ;;
1M = M ;
n+1 M = (

nM ,
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is given by the following inductive

0M

nM )

M.

Let M1 6= ;, M2 be two multisets. For any n 2 N, M1 vn M2 , if

n M1

v M2 but

n+1 M1

6v M2 .

The number of copies of objects in a finite multiset M = (O, f ) is its cardinality: card(M ) =
⌃a2supp(M ) f (a). Such an M can be represented by any string w over O for which |w| = card(M ),
and |w|a = f (a) where |w| denotes the length of the string w, and |w|a denotes the number of
occurrences of symbol a in w.
We define MS n (O), n 2 N, to be the setSof all multisets M = (O, f ) over O such that f (a)  n
for all a 2 O, and we let MS <1 (O) = n 0 MS n (O).

2.1.

Generalized P Systems

Now we present the notion of generalized P systems, variants of tissue P systems introduced in
[3].
An (n + 3)-tuple ⇧ = (O, w1 , w2 , . . . , wn , R, io ) is a generalized P system of degree n

1, where

• O is a finite set of objects;
• wi 2 MS <1 (O), 1  i  n, is a finite multiset of objects, the initial contents of the ith
region of ⇧;
• R is a finite set of transformation rules of the form (x1 , ↵1 ) . . . (xk , ↵k ) ! (y1 , 1 ) . . . (yl , l ),
where xi , yj 2 MS <1 (O), and 1  ↵i , j  n indicate labels of the regions of the system
for all 1  i  k, 1  j  l;
• 1  io  n is the label of the output compartment.
The rules of a generalized P system can be considered to model interactions of objects simultaneously aﬀecting several regions of the membrane system. Thus, the links between participating
compartments are defined dynamically, through the applicability of the rules by the functioning
of the system.
Given a generalized P system ⇧ as above, a configuration of ⇧ is an n-tuple c = (u1 , u2 , . . . , un )
with ui 2 MS <1 (O), 1  i  n, and c0 = (w1 , w2 , . . . , wn ) is called its initial configuration.
The multisets u1 , u2 , . . . , un are the contents of the corresponding compartments 1, 2, . . . , n, in
configuration c.
A generalized P system changes its configurations by applying its rules. In the basic setting,
a rule r 2 R is applicable to a configuration c if and only if xi is a submultiset of u↵i for all
1  i  k. As a result of applying r to c, each multiset xi is removed from the region u↵i ,
1  i  k, and each multiset yj is added to the region u j , 1  j  l.
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The configuration c0 = (v1 , . . . , vn ) of ⇧ is obtained directly from the configuration c =
(u1 , . . . , un ) by applying the rules in the unsynchronized manner, if there is a multiset R0 of
rules from R, such that all of them are simultaneously applicable to diﬀerent copies of objects
in configuration c, and the configuration c0 is the result of the application of the rules in R0 .
The configuration c0 is obtained from c by applying the rules in the maximally parallel manner,
if we add the additional requirement that the set R0 is maximal, that is, for any r 2 R, the
rules in the rule multiset {r} R0 are not simultaneously applicable to c.
A sequence of configurations c0 , c1 , . . . of ⇧ is called a computation if each configuration in
the sequence is obtained directly from the previous one, starting from the initial configuration.
Computations halt if no rule can be applied, the result of a halting computation is the number of objects that are present in the output compartment (compartment io ) in the halting
configuration.

2.2.

Multiset Approximation Spaces

There are diﬀerent ways of approximating sets originating in rough set theory proposed in
the early 1980’s, [11, 12]. The theory and its diﬀerent generalizations uses diﬀerent kinds of
indiscernibility relations to provide lower and upper approximations of sets. An indiscernibility
relation on a given set of objects is given by a set of base sets by which lower and upper
approximations can be constructed for any set. This way of set approximation was generalized
to partial set approximation in [4], giving the possibility to embed available knowledge into an
approximation space. The lower and upper approximations also rely on base sets which can be
thought of as representants of the available knowledge. Having the concepts of lower and upper
approximations, we can also introduce the concept of boundary as the diﬀerence between these
two.
A multiset approximation space over a finite alphabet O consists of the following:
• A domain: in our case it is MS <1 (O), the set of finite multisets over some finite set O.
The elements of the domain are approximated using the approximation space.
• A base system: B ✓ MS <1 (O), a nonempty set of finite base multisets providing the
basis for the approximation process.
• The approximation functions: l, u, b : MS <1 (O) ! MS <1 (O) determining the lower and
upper approximations (and the boundaries) of multisets of the domain.
A multiset approximation space is a quintuple (O, B, l, u, b) where O is a finite set, B ✓
MS <1 (O) is a base system (a set of base multisets), and b, u, l : MS <1 (O) ! MS <1 (O) are
the approximation functions generated by B.
For any multiset M = (O, f ) 2 MS <1 (O), we define the lower approximation function:
l(M ) =

G

{

nB

| B 2 B, B v M, and B vn M },
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the boundary function:
b(M ) =

G

{

nB

| B 2 B, and B u (M

l(M )) vn M

l(M )},

and the upper approximation function:
u(M ) = l(M )

b(M ).

In addition, we also define be (M ) = b(M ) M as the external part of the boundary of M , and
bi (M ) = b(M ) u M , the internal part of the boundary of M .
Intuitively, we can think of the lower approximation of the multiset M as the collection of
elements that can be covered by the base multisets in such a way that the covering is inside M
completely. If we also cover those elements of M that are left out of the lower approximation,
then the union of the covering base sets contains M , thus, it can be thought of as the upper
approximation of M , while the diﬀerence between the upper and the lower approximations of
M is the boundary.

3.

Regulating Rule Application in the Multiset Approximation Framework

In [2] we considered P systems with dynamical structure where the dynamic character of the
membrane system was encoded in the reformulation of the region structure regarding a closeness
property defined among the membranes based on the actual configuration of the system. Here
we examine questions that arise when we require that in order for a rule to be applicable,
the multisets on its lefthand side must conform to certain properties defined in the multiset
approximation framework associated to the system. We discuss the following two approaches:
first we require that a rule to be applied should only work with the lower approximations of
the compartments’ contents. The second approach demands that the multisets on the lefthand
sides of the rules should come from the boundaries of the respective compartments.
Conforming the requirement of clear observability when dealing with rough sets, first we stipulate in the following definition that a rule should be applicable in a P system only if the
multisets on its lefthand side come from the inner approximations of the containing regions,
this means that we are absolutely sure that the rule application aﬀects elements of the corresponding regions. The second requirement, on the other hand, corresponds to a system where
rule application can only alter those elements about which our knowledge is vague, so the configuration changes of these systems might be thought of as steps in the direction of reducing
vagueness, obtaining more and more determinate knowledge about the objects distributed in
the membranes.
We formalize these notions in the following definition.
Definition 3.1 Let ⇧ = (O, B, w1 , w2 , . . . , wn , R, io ) where B ✓ MS <1 (O) is a base system
and (O, w1 , w2 , . . . , wn , R, io ) is a generalized P system.
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We call ⇧ a generalized P system with an associated multiset approximation space and inner
rules, if the applicability of a rule r = (x1 , ↵1 ) . . . (xk , ↵k ) ! (y1 , 1 ) . . . (yl , l ) 2 R in a
configuration c = (u1 , . . . , un ) is defined by the requirement that xi is a submultiset of l(u↵i ),
the inner approximation of the respective region, 1  i  k. If r 2 R is applicable to c in this
sense, then we call r an inner rule (with respect to c).
We call ⇧ a generalized P system with an associated multiset approximation space and boundary
rules, if the applicability of a rule r = (x1 , ↵1 ) . . . (xk , ↵k ) ! (y1 , 1 ) . . . (yl , l ) 2 R in a
configuration c = (u1 , . . . , un ) is defined by the requirement that xi is a submultiset of bi (u↵i ),
the internal part of the boundary of the respective region, 1  i  k. If r 2 R is applicable to
c in this sense, then we call r a boundary rule (with respect to c).
Example 3.2 Assume that C = (w1 , w2 ) is the initial configuration of a generalized P system
with an associated multiset approximation space ⇧ = ({a, b, c, d}, {B1 , B2 }, w1 , w2 , {r1 , r2 }, io ),
with w1 = a3 b3 c2 and base sets B1 = a2 , B2 = bc. Further, let r1 = (ab2 , 1) ! (c, 1)(d3 , 2) and
r2 = (ab, 1) ! (e2 , 1).
If ⇧ is a system with inner rules, then both rules are applicable in C, as B1 t
the lower approximation of w1 .

2 B2

= a2 b2 c2 is

If ⇧ is a system with boundary rules, then only the rule r2 is applicable in C, as a2 bc is the
boundary of w1 with inner part ab.
We claim that the use of inner rules do not add much to the computational strength of the
P system in the sense that in the non-synchronized mode a generalized P system with an
associated multiset approximation space and inner rules is not Turing complete. To show this,
we might construct a simple place-transition Petri net that simulates the P system in question.
This is suﬃcient, because Petri nets in this simple setting are strictly weaker in computational
power than Turing machines, see for example [13, 14].
Theorem 3.3 For any generalized P system ⇧ with an associated multiset approximation space
and inner rules, there is a place-transition Petri net N , such that N generates the same set of
numbers as ⇧ in the unsynchronized manner of rule application.
As we have already mentioned, the expressive power of place-transition Petri nets are less than
that of Turing machines, so we obtain the following corollary.
Corollary 3.4 Generalized membrane systems with multiset approximation spaces and inner
rules using the unsynchronized manner of rule application are strictly weaker in computational
power than Turing machines, that is, they are not computationally complete.
Now we continue with the investigation of the case of boundary rules. We show that generalized
P systems with boundary rules generate any recursively enumerable set of numbers. We might
do this by demonstrating how these systems simulate the computations of register machines, a
computational model equivalent in power to Turing machines.

MEMBRANE SYSTEMS AND MULTISET APPROXIMATION
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Theorem 3.5 Generalized P systems with associated multiset approximation spaces and boundary rules generate any recursively enumerable set of numbers, even in the unsynchronized manner of rule application.

4.

Concluding Remarks

We have used multiset approximation spaces to restrict the applicability of multiset evolution
rules of generalized P systems. This way we incorporated some additional “dynamics” into the
system, as not only the presence or absence of elements, but also the underlying approximation
spaces have a role in determining the applicability of the rules.
It turned out that restricting the operation of the rules to the boundaries of compartments
increases the computational power of generalized P systems, as they are able to generate any
recursively enumerable sets of numbers even in the unsynchronized manner of rule application.
On the other hand, a similar restriction allowing the rules to manipulate only elements of the
lower approximation of the compartments of the system does not result in a similar increase of
the computational power.
As a final remark, we would like to add some thoughts on a related model called P systems with
anti-matter [1, 7]. In P systems with anti-matter, objects have complementary “anti objects”,
and when they are both present, they annihilate (disappear). In this paper we considered
boundary rules which cannot be applied to objects that are not on the boundary: when all the
elements of a base multiset are present in a region, they “disappear” from the scope of boundary
rules. This eﬀect is similar to the eﬀect of annihilation rules, although not exactly the same.
The diﬀerence can be seen from a simple example: let two base multisets be ab, bc 2 B. The fact
that they form base multisets is not directly modeled by the annihilation rules ab ! ", bc ! "
(as used in the case of P systems with anti-matter), because of the following. If a region
contains ab, then these are “invisible” for the boundary rules, but they are not annihilated, as
can be seen when an object c enters the region. As bc is also a base multiset, c immediately
“disappears” by becoming part of the inner, lower approximation part of the region contents.
As we see, the relationship of boundary rules and anti-matter is not as simple as it might look,
but it definitely seems to be an interesting topic for further investigations.
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Abstract
In this paper a novel hash function based on Gluškov product is proposed. This paper is the first
attempt in this direction.

1.

Introduction

A hash function is a mapping that can be used to map strings of arbitrary size to strings of a
fixed size. Its special concept is the cryptographic hash function having certain properties which
make it appropriate for use in cryptography. A hash function is a one-way function, that is,
an easily computable function which is infeasible to invert. Its input is called the message and
its output is called the message digest, or in short, the digest. The good cryptographic hash
function should have the following properties:
–
–
–
–

it is deterministic, therefore the same message always should have the same hash
every message can be computed easily and quickly
it is infeasible to obtain the original message from its hash value
a small change to the message has a new hash value which is uncorrelated with the original
hash value
– it is infeasible to find di↵erent messages with the same hash values.
According to these properties, a cryptograhic hash function hash should be resistant in the
following sense:
– for every hash value y it should be infeasible to find a message m having y = hash(m).
This property is called pre-image resistance. Otherwise we say that hash is vulnerable to
preimage attacks.
This work was supported by the National Research, Development and Innovation Office of Hungary under
Grant No. TÉT 16-1-2016-0193.
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– for every message m1 it is infeasible to find a di↵erent message m2 having hash(m1 ) =
hash(m2 ). This property is referred to as second pre-image resistance. Otherwise it is said
that hash is vulnerable to second preimage attacks.
– it should be infeasible to find a distinct pair m1 , m2 of messages having
hash(m1 ) = hash(m2 ). This property is called strong collision resistance. It requires
a hash value at least twice as long as that required for preimage resistance. Otherwise
collisions may be found by a birthday attack.

Cryptographic hash functions have several applications in digital signatures, message authentication, digital fingerprinting, etc.
A Gluškov product of automata [4] is loosely defined as a collection of automata that each of
which changes its states at discrete time steps as a local transition function of the states and a
global input, and the synchronous action of the local state transitions defines a global transition
on the entire product. Thus a Gluškov product of automata is also an automaton. Usually
it is assumed that the component automata are connected together according to a directed
graph D. The vertices of D are considered as automata and the edges indicate the existence of
communication links. Thus D has no parallel edges.
An important consequence of this paper is that, using the concept of Gluškov product [4], we
can compose very large automata such that their transitions can be computed easily. By this
observation, we can build new hash functions based on Gluškov product of automata.

2.

Preliminaries

We start with some standard concepts and notation. For all notions and notation not defined
here we refer to the monographs [1, 2, 3, 5, 6]. By an automaton we mean a deterministic
finite automaton without outputs. In more details, an automaton is an algebraic structure
A = (A, ⌃, ) consisting of the nonempty and finite state set A, the nonempty and finite
input set ⌃, and a transition function : A ⇥ ⌃ ! A. The elements of the state set are the
states, and the elements of the input set are the input signals. An element of A+ is called a
state word 1 and an element of ⌃⇤ is called an input word. State and input words are also
called state strings and input strings, respectively. If a state string a1 a2 · · · as (a1 , . . . , as 2
A) has at least three elements, the states a2 , a3 , . . . , as 1 are also called intermediate states.
It is understood that is extended to ⇤ : A ⇥ ⌃⇤ ! A+ with ⇤ (a, ) = a, ⇤ (a, xq) =
(a, x) ⇤ ( (a, x), q), a 2 A, x 2 ⌃, q 2 ⌃⇤ . In other words, ⇤ (a, ) = a and for every nonempty
input word x1 x2 · · · xs 2 ⌃+ (where x1 , x2 , . . . , xs 2 ⌃) there are a1 , . . . , as 2 A with (a, x1 ) =
a1 , (a1 , x2 ) = a2 , . . . , (as 1 , xs ) = as such that ⇤ (a, x1 · · · xs ) = a1 · · · as .
In the sequel, we will consider the transition of an automaton in this extended form and thus we
will denote it by the same Greek letter . If b is the last letter of (a, w) for some a, b 2 A, w 2 ⌃⇤
then we say that w takes the automaton from its state a into state b, and we also say that the
automaton goes from state a into state b under the e↵ect of w.
1

The empty word is not considered as a state word.
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An automaton is called to be initial automaton if it has a distinguished state, the initial state
of the automaton. We think that an initial automaton is in the initial state at the beginning
of its work. An initial automaton can be given in the form A = (A, a0 , ⌃, ), where a0 2 A is
the initial state of A.
The transition matrix of an automaton is a matrix with rows corresponding to each input and
columns corresponding to each state; at the entry of any row indicated by an input x 2 ⌃ and
any column indicated by a state a 2 A the state (a, x) is put. If all rows of the transition
matrix are permutations of the state set then we speak about permutation automaton.
The following proposition shows that for security reasons, we should use permutation automaton.
Proposition 2.1 Given an automaton A = (A, ⌃, ), the following properties are equivalent:
(i) A is a permutation automaton;
(ii) for every a, b 2 A, x 2 ⌃, (a, x) 6= (b, x);
(iii) for every pair b 2 A, x 2 ⌃, there exists exactly one a 2 A with (a, x) = b.
Let Ai = (Ai , ⌃i , i ) be automata where i 2 {1, . . . , n}, n
1. Take a finite nonvoid set ⌃
and a feedback function 'i : A1 ⇥ · · · ⇥ An ⇥ ⌃ ! ⌃i for every i 2 {1, . . . , n}. A Gluškov-type
product of the automata Ai with respect to the feedback functions 'i (i 2 {1, . . . , n}) is defined
to be the automaton A = A1 ⇥ · · · ⇥ An (⌃, ('1 , . . . , 'n )) with state set A = A1 ⇥ · · · ⇥ An ,
input set ⌃, transition function given by ((a1 , . . . , an ), x) = ( 1 (a1 , '1 (a1 , . . . , an , x)), . . . ,
n (an , 'n (a1 , . . . , an , x))) for all (a1 , . . . , an ) 2 A and x 2 ⌃. If all component-automata Ai , i 2
{1, . . . , n}
of
the
Gluškov-type
product
A
=
A1 ⇥ · · · ⇥ An (⌃, ('1 , . . . , 'n )) are initial automata with initial states a0,i , i 2 {1, . . . , n} then
A also forms an initial automaton with initial state (a0,1 , . . . , a0,n ).
In particular, if A1 = . . . = An then we say that A is a Gluškov-type power.
We shall use the feedback functions 'i , i 2 {1, . . . , n} in an extended sense as mappings
'⇤i : A1 ⇥ · · · ⇥ An ⇥ ⌃⇤ ! ⌃i , where '⇤i (a1 , . . . , an , ) = and '⇤i (a1 , . . . , an , px) =
'⇤i (a1 , . . . , an , p)'i ( 1 (a1 , '⇤1 (a1 , . . . , an , p)), . . . , n (an , '⇤n (a1 , . . . , an , p)), x),
ai 2 Ai , i 2 {1, . . . , n}, p 2 ⌃⇤ , x 2 ⌃. In the sequel, '⇤i , i 2 {1, . . . , n} will also be denoted by
'i .
We can imagine this structure as a working model in the following way. The product is a collection of automata so that every member of this collection is supplied with a transformer which
is a special type of automaton. The transformers, realizing the feedback functions mentioned
above, are able to get an input vector containing a common external input sign and the state
of all component automata. They can each transform this input vector into an appropriate
input sign for their component automaton. The product is at work along a discrete time scale
in the following way: all transformers of the product get a common external input sign x,
and simultaneously, all transformers get the value of the instantaneous states a1 , . . . , an of all
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component-automata as input information. Induced by this input vector (a1 , . . . , an , x), the
transformers produce an input sign xi = 'i (a1 , . . . , an , x), i = 1, . . . , n for their componentautomata. Then, these (transformed) input signs, make every component-automaton goes into
a new (not necessarily di↵erent) i (ai , xi ) = i (ai , 'i (a1 , . . . , an , x)) state, and then, in the next
time period, the whole process takes place again. We will use several generalizations and several
restrictions of this concept. If the transformers are able to produce not only single input signs
but entire input words (strings of input signs), then induced by the inner input sign x and
the value of the instantaneous states a1 , . . . , an they produce a (possibly empty) input word
'i (a1 , . . . , an , x) working as microprocessors, for their component automata then we get the
model of the generalized product.
If we assume that transformers do not necessarily have access to all the instantaneous states of
component automata, but only some restricted subset, then we will get the models of several
special types of the products [1, 2].
It is clear that, by definition, a Gluškov product is a parallel working system.
Given a function f : X1 ⇥ · · · ⇥ Xn ! Y, we say that f is really independent of its i-th variable if
for
every
pair
(x1 , . . . , xn ), (x1 , . . . , xi 1 , x0i , xi+1 , . . . , xn )
2 X1 ⇥ · · · ⇥ Xn , f (x1 , . . . , xn ) = f (x1 , . . . , xi 1 , x0i , xi+1 , . . . , xn ). Otherwise we say that f
really depends on its i-th variable.
A (finite) directed graph (or, in short, a digraph) D = (V, E) (of order n > 0) is a pair consisting
of sets of vertices V = {v1 , . . . , vn } and edges E ✓ V ⇥ V. If |V | = n then we also say that D
is a digraph of order n. Further on, we will assume that V is an ordered set of integers 1, . . . n
for some positive integer n.
Given a digraph D = (V, E), we say that the above defined Gluškov product is a D-product
if for every pair i, j 2 {1, . . . , n}, (i, j) 2
/ E implies that the feedback function 'i is really
independent of its j-th variable.
Recall that a Gluškov product is called a Gluškov power if all of its components coincide each
others.
By a hash automaton we mean an automaton consisting of a Gluškov product having the
following properties:
– it consists of the same automata components, i.e., they form a Gluškov power,
– it has the same state and input sets which are sets of all strings with a given length over
a fixed alphabet,
– it is a permutation automaton.
Of course, we can use several generalisations of the above defined concept instead of Gluškov
product.
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Hash Functions

Consider a pair of fixed positive integers k, ` which are the size of the message digest and the
number of rounds (see later), respectively. The hash procedure is the following.
The apparatus reads the message in k-length blocks. The first block will be the initial state of
the hash automaton. All the other blocks work as an input sign moving the automaton from
its previous state into the next one. (Another solution may be to choose a dedicated initial
state and all blocks work as an input string.) The result of this transition will be the message
digest.
Let us consider a hash automaton A = (A, X, ) with A = X = ⌃k and a message w1 · · · wm
consisting of blocks w1 , ..., wm 2 X. Formally, the message digest generated by A will be the
state am 2 A given by the iterative definition am = (am 1 , wm ), . . . , a2 = (a1 , w2 ) and a1 = w1 .
In other words, the message digest is (w1 , w2 · · · wn ), where the first block w1 of the message
is the initial state of the hash automaton A = (⌃k , w1 , ⌃k , ) supplied by the initial state w1 .
Recall that A is a Gluškov-type product of some automata Ai = (Ai , ⌃i , i ),
i 2 {1, . . . , k}, k
1 with feedback functions 'i : A1 ⇥ · · · ⇥ An ⇥ ⌃ ! ⌃i ,
i 2 {1, . . . , k}. Then the initial state a1 = (a1,1 , . . . , a1,k ) of the hash automaton is defined by
a1,1 · · · a1,k
=
w1
and all the other states aj
=
(aj,1 , . . . , aj,k ),
j = 2, . . . , m can be derived as
aj,i = i (aj
where (aj

1,1 , . . . , aj 1,k )

= aj

1

1,i , 'i (aj 1,1 , . . . , aj 1,k , (bj,1 , . . . , bj,k ))),

and (bj,1 · · · bj,k ) = wj .

This is the case when the number ` of rounds is equal to 1. Otherwise all blocks are considered
` times. Then the message digest of the message w1 · · · wm with ` > 1 runs is the same as the
`
message digest of the message w1` · · · wm
with one run. An alternative solution is that it works
in ` > 1 runs. ( Then the message digest is the same as the message digest of the message of
(w1 · · · wm )` with 1 run.)

4.

Example

Next we consider a special hash automaton for which the proposed system is e↵ective and
secure. Define a sequentially working D-product of automata called hash automaton in this
Section.
Let ⌃ be the set of all binary strings with a given length and let k be a positive integer.
Let A1
=
(⌃, ⌃ ⇥ ⌃, A1 ) be a permutation automaton and let Ai
=
(⌃, ⌃ ⇥ ⌃, Ai ), i 2 {2, . . . , k} be copies of A1 . Given a digraph D = (V, E) with V =
{1, . . . , k}, E = {(k, 1), (1, 2), . . . , (k 1, k)}, define the Gluškov-type product, called D-product,
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AD = A1 ⇥ · · · ⇥ Ak (⌃k , ('1 , . . . , 'k )) of A1 , . . . , Ak so that for every (a1 , . . . , ak ), (x1 , . . . , xk ) 2
⌃k , i 2 {1, . . . , k},

'1 (a1 , . . . , ak , (x1 , . . . , xk )) = (ak

M

xk , x1 ),

L
'i (a1 , . . . , ak , (x1 , . . . , xk )) = (ai 1 xi 1 , xi ), i 2 {2, . . . , k}
L
where ak
xk is the bitwise addition modulo 2 of ak and xk , and ai
addition modulo 2 of ai 1 and xi 1 .
Therefore, for every (a1 , . . . , ak ), (x1 , . . . , xk ) 2 ⌃k ,
such that
b1 L =
(ak
xk , x1 ),
b2 =

1 (a1 , '1 (a1 , . . . , ak , (x1 , . . . , xk ))

2 (a2 , '2 (a1 , a2 , . . . , ak , (x1 , . . . , xk ))

is the bitwise

D ((a1 , . . . , ak ), (x1 , . . . , xk ))

= (b1 , . . . , bk )

with

1

=

with '2 (a1 , a2 , . . . , ak , (x1 , . . . , xk )) = (a1

k 1 (ak 1 , 'k 1 (a1 , . . . , ak 2 , ak 1 , ak , (x1 , . . . , xk ))

'k 1 (a1 , . . . , ak 2 , ak 1 , ak , (x1 , . . . , xk )) = (ak
bk =

k (ak , 'k (b1 , . . . , bk 1 , ak , (x1 , . . . , xk ))

'k (a1 , . . . , ak 1 , ak ,(x1 , . . . , xk )) = (ak

1

xi

'1 (a1 , . . . , ak , (x1 , . . . , xn ))

. . .,
bk

L

1

1

L

2

with

L

L

=

x1 , x2 ),

with

xk 2 , xk 1 ),

xk 1 , xk ).

Of course, the values of the feedback functions can be computed easily. By the discussed procedure, using the transition matrices of the component automata, we can specify easily the state b1
from a1 , an , xn , x1 , the state b2 from a1 , a2 , x1 , x2 , . . . , the state bn 1 from an 2 , an 1 , xn 2 , xn 1 ,
the state bn from an 1 , an , xn 1 , xn .

5.

Some Technical Comments

Using the above mentioned parameters with 256 possible states, (1 byte long states,) we need
16 automata, having a transition matrix 216 = 65536 lines and 28 = 256 columns. Each cell of
the automaton contains 1 byte long data. (One state.) The size of the matrix is 16 megabytes,
and the number of the possible matrixes are 256!65536 , where the exclamation mark means the
factorial operation.
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6.

21

Conclusion and Future Work

This paper is devoted to propose a novel hash fuction based on Gluškov product of automata.
By a simple example, its utility is shown. Moreover, some experimental results show the effectiveness. However, serious security analysis and rigorous machine-independent investigation
should be necessary in the future work.
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Abstract
Game of Life (GoL in the following) by John Conway, is a computational (mathematical) model
that uses a rule-system, a set of simple rules, to simulate changing environments based on grids
constructed with cells. The behaviour of these simulations makes cellular automata good choice
for simulating systems in a wide range of science. In this paper we investigate GoL on a
hexagonal grid with 8 neighbors, to show how influence the number of neighbors the emerge of
life.

1.

Introduction

A cellular automaton [5], [3] (CA in the following) is a simulation in which a set of parameters are used to initialize the environment and simple rules used to evolve this particular
environment. Simulations created by CA have certain similarities, such as:
– Their environment is a grid of cells, where every cell has a state.
– The environment evolves (changes) over time.
– The change is based on the rules, they describe how cells interact with each other.
The type and form of cells, the number of states and neighbors, the rules and the type of
grid di↵er in a very wide range letting us to play with a huge variety of them. This is the
main reason why CA can be used to simulate systems of di↵erent branches of science including
theoretical physics and biology. John Conway’s GoL might be the most popular one [2]. Its
environment is a grid of squares, which means every cell has eight neighboring cells. It has only
four rules:
– Any living cell with less than two living neighbors dies.
– Any living cell with four or more living neighbors dies.
– Any living cell with two or three live neighbors lives on to the next generation.
This work was supported by the construction EFOP-3.6.3-VEKOP-16-2017-00002. The project was supported by the European Union, co-financed by the European Social Fund.
This work was supported by the National Research, Development and Innovation Office of Hungary under
Grant No. TÉT 16-1-2016-0193.
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Figure 1: neighbors.

– Any dead cell with three living neighbors becomes alive.
The hexagonal version of GoL has been investigated in the past, but it does not look anything
like life [1]. One line of research has tried to treat neighbors di↵erently depending upon their
relative position around the cell in question [4]. We have decided to investigate another direction. In our research we were looking for answer to the following question: Why works GoL
on a square grid, and not on a hexagonal grid? Our conjecture was that the main di↵erence
between the two cases is the number of neighbors. Maybe 6 neighbors are too few to have
enough variety. We have decided to create GoL on a hexagonal grid with 8 ”neighbors”.

2.

Hexagonal GoL Results with 8 Neighbors

In the hexagonal implementation of GoL originally each cell has six neighboring cells, but in
our case we include two more. (We can suppose that the cell can interact a bit further in two
directions.) It means that the cells on the top and bottom (which has two neighbors, which
are neighbors to the given cell) are included to the neighborhood as well. To be clear, Figure
1 shows a visual explanation.
Now, the cell in the middle (blue cell surrounded with orange cells) is our main cell. Its
neighbors are filled with orange. Through the research rule-systems were tested. Every one of
them has its statistics made and pictures of oscillators (if found). The rule-systems has the
following format: Bx1 , x2 , . . . /Sy1 , y2 , . . . /Dz1 , z2 , . . ., where:
– Bx1 , x2 , . . . means if the cell has x1 , x2 , . . . living neighbors it becomes alive.
– Sy1 , y2 , . . . means if the cell has y1 , y2 , . . . living neighbors it will have the same state in
the next generation.
– Dz1 , z2 , . . . means if the cell has z1 , z2 , . . . living neighbors it dies.
We have investigated many cases, with di↵erent initial alive ratio (number of living cells divided
by the total number of cells). In the following we present 4 di↵erent interesting cases.
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Figure 2: B3/S2/D0145678.

2.1.

Simulation B3/S2/D0145678.

The simulation with the initial alive ratio (AR in the following), 20% took 1230 generations
to stabilize. After the 600th generation it di↵ered between 3% and 7% ended up with 3%.
The simulation with the initial AR 40% took 820 generations to stabilize. After the 600th
generation it di↵ered between 3% and 6% ended up with 3%. The simulation with the initial
AR 60% took 1190 generations to stabilize. After the 600th generation it di↵ered between 3%
and 7% ended up with 2%. The simulation with the initial AR 80% took 126 generations to
stabilize. After 126th generation it stabilized with 0.71%. See Figure 2 for reference. Figure 3
shows the oscillators we have found.

2.2.

Simulation B36/S2/D014578.

The simulations with this rule-system does not seem to stabilize, even after the 50,000th generation. We may assume, that the rules result a never ending simulation. However, the AR
di↵ers between 27% and 33%. See Figure 4 for reference. We have found similar oscillators as
before: Figure 3.
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Figure 3: Oscillators B3/S2/D0145678 and B36/S2/D014578.

Figure 4: B36/S2/D0145678.
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Figure 5: B3678/S4/D0125.

2.3.

Simulation B3678/S4/D0125.

The simulation with the initial AR 20% after the 43th step it di↵ered between 0.9% and 1%.
The population in the simulation with the initial AR 40% eventually after the 600th step died
out. The simulation with the initial AR 60% died out after the 1179th step. The simulation
with the initial AR 80% died our right after the 2860th step. See Figure 5 for reference, and
Figure 6 for a wide variety of oscillators.

2.4.

Simulation B3/S1245/D0678.

At the 20th generation every simulation was stabilized with the AR of 56%. See Figure 7 for
reference.

3.

Conclusion

We have shown that our conjecture was right, GoL with 8 neighbors supports more variety
compared to the original hexagonal one, with many generations before stabilizing, and case
B3/S2/D0145678 is very similar to the original GoL. Gliders – oscillators that translate – are
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Figure 6: Oscillators B3678/S4/D0125.
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Figure 7: B3678/S4/D0125.

frequently spontaneously generated. Our final conclusion is that the number of neighbors is a
fundamental property to have enough complexity in the system for life.

References
[1] C. BAYS, A note on the Game of Life in hexagonal and pentagonal tessellations. Complex Systems
15 (2005), 245–252.
[2] M. GARDNER, The fantastic combinations of John Conway’s new solitaire game ’Life’. Scientific
American 223 (1970), 120–123.
[3] T. HERENDI, B. NAGY, Parallel Approach of Algorithms. Typotex Budapest, 2014.
[4] K. PRESTON, Modern Cellular Automata Theory and Applications. Plenum Press, New York,
1984.
[5] S. WOLFRAM, Cellular automata. Los Alamos Science 9 (1983), 2–21.

Author Index
Battyányi, Péter, 7
Dömös, Pál, 15
Hidi, Erik Zoltán, 23
Horváth, Géza, 15, 23
Vaszil, György, 7

